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ON THE RATIONALITY AND THE FINITE
DIMENSIONALITY OF A CUBIC FOURFOLD
CLAUDIO PEDRINI
Abstract. Let X be a cubic fourfold in P5
C
. We prove that, as-
suming the Hodge conjecture for the product S × S, where S is a
complex surface, and the finite dimensionality of the Chow motive
h(S), there are at most a countable number of decomposable inte-
gral polarized Hodge structures, arising from the fibers of a family
f : S → B of smooth projective surfaces. According to the results
in [ABB] this is related to a conjecture proving the irrationality of
a very general X . If X is special, in the sense of B.Hasset, and
F (X) ≃ S[2], with S a K3 surface associated to X , then we show
that the Chow motive h(X) contains as a direct summand a ”tran-
scendental motive” t(X) such that t(X) ≃ t2(S)(1). The motive
of X is finite dimensional if and only if S has a finite dimensional
motive, in which case t(X) is indecomposable. Similarly, if X is
very general and the motive h(X) is finite dimensional, then t(X)
is indecomposable.
1. Introduction
Let Mrat(C) be the (covariant) category of Chow motives (with
Q-coefficients), whose objects are of the form (X, p, n), where X is
a smooth projective variety over C of dimension d, p is an idempo-
tent in the ring Ad(X × X) = CHd(X × X) ⊗ Q and n ∈ Z. If
X and Y are smooth projective varieties over C, then the morphisms
HomMrat(h(X), h(Y )) of their motives h(X) and h(Y ) are given by cor-
respondences in the Chow groups A∗(X × Y ) = CH∗(X × Y )⊗Q. A
similar definition holds for the category Mhom(C) of homological mo-
tives.The finite dimensionality of h(X), as conjectured by S.Kimura, is
known to hold for curves, rational surfaces, surfaces with pg(X) = 0,
which are not of general type and some 3-folds. In particular if X
is a cubic 3-fold in P4C, then its motive is finite dimensional and of
abelian type, i.e. it lies in the subcategory of Mrat(C) generated by
the motives of abelian varieties, see[GG].
If d = dimX ≤ 3, then the finite dimensionality of h(X) is a bira-
tional invariant ( see[GG, Lemma 7.1]), the reason being that in order
to make regular a birational map P3 → X one needs to blow up only
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points and curves, whose motives are finite dimensional. Therefore
every rational 3-fold has a finite dimensional motive.
In the case d = dimX = 4 the situation looks different. The finite
dimensionality of h(X) is not a priori a birational invariant. In fact if
r : P4 → X is a birational map then, by Hironaka theorem, there is a
composition
(1.1) τ = τn ◦ τn−1 ◦ · · · ◦ τ1 : X˜ → P
4
of monoidal transformations τi : X˜i → X˜i−1 with smooth centers Ci−1
of dimensions ≤ 2, where X˜0 = P
4 and X˜n = X˜, such that
f = r ◦ τ : X˜ → X is a birational morphism. Therefore, by Manin’s
formula, we get
(1.2) h(X˜) ≃ h(P4)⊕
⊕
1≤j≤n−1
h(Cj)(j)
and hence h(X˜) is finite dimensional if all the motives h(Cj) are fi-
nite dimensional, in which case also h(X) is finite dimensional. Since
the motives of points and curves are finite dimensional the problem is
related to the finite dimensionality of those Cj such that dim Cj = 2.
Let X be a cubic fourfold in P5C. All known examples are rational
while the very general one is conjecturally irrational. These examples
of rational cubic fourfolds have an associated K3 surface.
The aim of this note is to show how the rationality of a cubic fourfold
and the finite dimensionality of its motive can be related to properties
of the motives of surfaces.
In Sect.2 we recall some results by Y. Zarhin and V.S. Kulikov on
cubic fourfolds. Zarhin in [Za] (see Theorem 2.1) showed that there is
a restriction on the class of surfaces that can appear by resolving the
indeterminacy of a rational map r : P4 → X , as in (1.1). In particular,
if one assumes that a very general cubic fourfold X is rational , then
among the surfaces Cj appearing in (1.2) there must be surfaces S
that are neither rational nor K3, see Remark 2.2. Kulikov in [Ku]
(see Theorem 2.3 ) showed that a very general cubic fourfold in P5C is
not rational, if one assumes that the polarized Hodge structure TS on
the transcendental cycles of a smooth projective surface is integrally
indecomposable. However the above conjecture cannot be true because
the polarized Hodge structure of a Fermat sextic S ⊂ P3C is integrally
decomposable, see [ABB].
In [ABB, Sect.4] it is also proved that the irrationality of a very gen-
eral cubic fourfold X will follow, if one can prove that there are only
countably many integral polarized Hodge structures, arising from the
transcendental lattice of a surface, which are decomposable. There are
3countably many families Si → Bi of complex surfaces, over an irre-
ducible base variety, such that every isomorphism class of a projective
surface is represented by a fiber of such a family. Therefore the irra-
tionality of a very general cubic fourfold will follow if one could prove
the following conjecture:
Conjecture 1.3. Let f : S → B be a smooth projective family of
complex surfaces over an irreducible base. There are at most countably
many integral polarized Hodge structures TSb, arising from the fibers Sb
of f , which are decomposable.
In Sect. 3 we prove this conjecture for all families f : S → B such that
the generic fiber has an indecomposable transcendental motive, the
closed fibers Sb have a finite dimensional motive and Sb×Sb satisfies the
Hodge conjecture. We also compare our results with those appearing
in [Gu] and in [ABB,4.7], see Remark 3.7.
In Sect 4 we consider the motive h(X) of a cubic fourfold X such that
the Fano variety of lines F (X) is isomorphic to the Hilbert schemeS [2]
of length-two subschemes of a K3 surface S associated to X . We prove
(Theorem 4.6) that h(X) contains as a direct summand a motive t(X)
which is isomorphic to t2(S)(1), where t2(S) is the transcendental mo-
tive of S. Examples of this type are given in 4.11(2) and 4.11 (3). As
a corollary we get that h(X) is finite dimensional if and only h(S) is
finite dimensional (see Cor.4.9), in which case the motive t(X) is in-
decomposable. Using this result we show that there is a family of K3
surfaces S, which are double covers of P2 ramified along a sextic and
are associated to a family F of cubic fourfolds in P5, such that the
motives h(S) are finite dimensional and of abelian type, see 4.11(1).
Finally we prove ( Proposition 4.12) that for a very general cubic four-
foldX with a finite dimensional motive h(X) the transcendental motive
t(X) is indecomposable.
2. The Theorems of Zarhin and Kulikov
Let X be cubic fourfold. A smooth surface S is said to be dis-
joint from X if one of the following conditions holds, where ρ(S) =
dimQ(NS(S)Q) , ρ2(X) = dimQ A¯
2(X), with A¯2(X) = Im(cl : A2(X)→
H4(X,Q)).
(i) h2,0(S) = 0;
(ii) h1,1(S)− ρ(S) < 21− ρ2(X);
(iii) h2,0(S) = 1 and h1,1(S)− ρ(S) 6= 21− ρ2(X).
The following result by Y.Zarhin gives conditions for the class of sur-
faces that can appear when resolving the indeterminacy of a rational
map r : P4 → X .
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Theorem 2.1. (Zarhin) Let X be a cubic fourfold in P5C and let r :
P4 → X be a rational map of finite degree. It is not possible to make r
regular by blowing up only points, curves , rational surfaces and surfaces
S disjoint from X.
Remark 2.2. If the cubic fourfold X is very general then any algebraic
surface S ⊂ X is homologous to a complete intersection, and hence
ρ2(X) = 1. Therefore the family of surfaces disjoint from X contains
all K3 surfaces S ⊂ X , because h2,0(S) = 1, h1,1(S) = 20, ρ(S) ≥ 1 so
that
h1,1(S)− ρ(S) ≤ 19 < 20 = 21− ρ2(X)
The following example shows that, on the contrary, when X is not
general and rational, then the locus of indeterminacy of a rational map
r : P4 → X can consist of just one K3 surface S which is not disjoint
from X .
Let X ⊂ P5C be a cubic fourfold containing two disjoint planes P1 and
P2. Choose equations for P1 and P2 as follows
P1 = {u = v = w = 0}, P2 = {x = y = z = 0} ⊂ P
5
where {u, v, w, x, y, z} are homogeneous coordinates in P5. Fix forms
F1, F2 ∈ C[u, v, w, x, y, z] of bidegree (1, 2) and (2, 1) in the variables
{u, v, w} and {x, y, z}. Then the cubic hypersurface of equation F1 +
F2 = 0 contains P1 and P2. As in [ Has 2, 1.2] one shows that cubic
fourfolds of this type are rational. There is well defined morphism
ρ : (P1 × P2 − S)→ X
which associates to every (p1, p2) ∈ P1×P2, such that the line l(p1, p2)
is not contained in X , the third intersection with X . The map ρ is
birational because each point of P5 − (P1 ∪ P2) lies on a unique line
joining the planes. Here S is the surface
S : {F1(u, v, w, x, y, z) = F2(u, v, w, x, y, z) = 0}.
which is a K3 surface, a complete intersection of bidegree (1, 2) and
(2, 1), so that ρ(S) = 2. Choose an isomorphism Φ : P1×P2 ≃ P
2×P2,
where {x, y, z} are coordinates in the first copy and {u, v, w} in the
second one. Then we get a birational map r : P4 → X whose locus of
indeterminacy is the K3 surface S, which is not disjoint from X . In
fact we have ρ2(X) ≥ 4, because A¯
2(X) contains γ2, with γ the class
of a hyperplane section, the classes of the two planes P1 and P2 and
the class of S . Therefore h1,1(S)− ρ(S) = 18, while 21− ρ2(X) ≤ 17.
5A cubic fourfold X has Hodge numbers h4,0 = h0,4 = 0, h3,1 = h1,3 =
1 and h2,2 = 21. X satisfies the integral Hodge conjecture and hence
CH2(X) = H4(X,Z) ∩H2,2(X) ⊂ H4(X,Z)
We also have H4(X,Z) = Zγ2 ⊕ P (X)Z, where γ ∈ H
2(X,Z) =
CH1(X) is the class of a hyperplane section and P (X)Z denotes the lat-
tice of primitive cycles, i.e. H4(X,Z)prim = P (X)Z = ker(p : H
4(X)→
H6(X)), with p(α) = α · γ. Poincare’ duality induces a symmetric bi-
linear form
< , >: H4(X)×H4(X)→ Z
such that < γ2, γ2 >= 3. The restriction of the bilinear form to P (X)Z
is non degenerate and hence yields a splitting
CH2(X) ≃ Zγ2 ⊕ CH2(X)0
with CH2(X)0 = CH
2(X) ∩ P (X)Z.
The integral polarized Hodge structure on the primitive cohomology
of X , is denoted by
HX = (P (X), H
p,q
prim, <,>P (X))
where Hp,qprim = H
p,q(X) ∩ (H4(X,Z)prim ⊗Z C). Let TX ⊂ P (X)Z ⊂
H4(X,Z) be the orthogonal complement of CH2(X) in H4(X,Z) with
respect to < , >, i.e. the lattice of transcendental cycles
H4tr(X,Z) = TX = {h ∈ H
4(X)/ < h, α >= 0, α ∈ CH2(X)}.
If X is very general then ρ2(X) = 1 and hence the rank of TX is 22,
because it is orthogonal, inside H4(X) of dimension 23, to CH2(X)
which has dimension 1.
TX has a natural polarized Hodge structure
TX = {TX , H
p,q
T , < , >T}
with Hodge numbers h3,1 = h1,3 = 1, h2,2 = 21 − ρ2(X) and < , >TX
as a polarization. It is an integral polarized Hodge substructure of
the primitive cohomology. For a very general X the polarized Hodge
structure is irreducible.
A polarized Hodge structure TX is the direct sum of two integral po-
larized sub-Hodge structures (TZ,1, H
p,q
1 , <,>T1) and
(TZ,2, H
p,q
2 , <,>T2) if
TX ≃ (TZ,1 ⊕ TZ,2, H
p,q
1 ⊕H
p,q
2 , <,>T1 ⊕ <,>T2)
An integral polarized Hodge structure is indecomposable if it is not a
direct sum of two non trivial integral polarized Hodge structures.
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If S is a complex surface then the polarized Hodge structure TS on the
transcendental cycles H2tr(S) = TS is given by
TS = (TS, H
p,q
TS
, <,>TS)
where Hp,qTS = (TS ⊗ C) ∩ H
p.q(S) and <,>TS is induced by the in-
tersection form on H2(S,Z). The polarized Hodge structure TS is a
birational invariant. If pg(S) ≤ 1 then TS is integrally indecomposable.
Let X be a rational cubic fourfold, r : P4 → X a birational map and
let f = r ◦ τ : X˜ → X be a birational morphism, as (1.1). Then we
have a decomposition of the polarized Hodge structures
HX = τ
∗(HP4)⊕
⊕
0≤i≤n−1
Hi
where Hi is the contribution in HX of the (i + 1)-th monoidal trans-
formation τi+1.
V.S. Kulikov in [Ku, Lemma 2] proved the following result in the case
X is a very general cubic fourfold.
Theorem 2.3. (Kulikov) Let X be a very general smooth cubic fourfold
which is rational and let f = r ◦ τ : X˜ → X be as in (1.1). Then there
is an index i0 ∈ {1, · · · , n} such that Ci0 is a smooth surface S and the
polarized Hodge structure TS on the transcendental cycles TS = H
2
tr(S)
can be decomposed into the direct sum of polarized Hodge structures
TS = −f
∗(TX)(1)⊕ T˜S
The above theorem is used in [Ku] to prove that a very general cubic
fourfold is not rational, if one assumes the following conjecture: the
integral polarized Hodge structure TS on the transcendental cycles on
a smooth projective surface is non decomposable. However in [ABB] it
is proved that the above conjecture cannot be true because the integral
polarized Hodge structure of a Fermat sextic S ⊂ P3C is decomposable.
Note that, according to (2.1), among the surfaces C1, · · ·Cn in Theorem
2.3 there are surfaces S which are not rational, not K3 and also not
ρ-maximal, because if h1,1(S) = ρ(S), then S is disjoint from X .
3. Hodge conjecture and the rationality of a cubic
fourfold
In this section we prove that, assuming the Hodge conjecture for the
product S×S, where S is a complex surface, and the finite dimension-
ality of h(S), there are at most a countable number of decomposable
integral polarized Hodge structures in a family f : S → B of smooth
7projective surfaces, such that the generic fiber has an indecomposable
transcendental motive
We first recall from [KMP, 7.2.2]) some results on the Chow-Ku¨nneth
decomposition of the motive of surface.
Let S be a smooth projective surface over a field k. The motive
h(S) ∈Mrat(k) has a refined Chow-Ku¨nneth decomposition
h(S) =
∑
0≤i≤4
hi(S) =
∑
0≤i≤4
(X, pii)
where h2(S) = h
alg
2 (S) + t2(S), with pi2 = pi
alg
2 + pi
tr
2 , t2(S) = (S, pi
tr
2 )
and halg2 = (S, pi
alg
2 ) ≃ L
⊕ρ(S). Here ρ = ρ(S) is the rank of NS(S).
The transcendental motive t2(S) is independent of the Chow-Ku¨nneth
decomposition and is a birational invariant for S. We also have
H i(t2(S)) = 0 for i 6= 2 ; H
2(t2(S)) = pi
tr
2 H
2(S,Q) = H2tr(S,Q),
Ai(t2(S)) = pi
tr
2 Ai(S) = 0 for i 6= 0 ; A0(t2(S)) = T (S),
where T (S) is the Albanese kernel. The map Φ : A2(S × S) →
EndMrat(t2(S), defined by Φ(Γ) = pi
tr
2 ◦Γ◦pi
tr
2 , induces an isomorphism
(see [KMP, 7.4.3])
(3.1)
A2(S × S)
J (S)
≃ EndMrat(t2(S))
where J (S) is the ideal in A2(S × S) generated by correspondences
whose support is contained either in V × S or in S ×W , with V,W
proper closed subsets of S.
Lemma 3.2. Let S be a smooth projective complex surface,with pg(S) ≥
2, such that the polarized Hodge structure TS is integrally decomposable.
Assume that
(i) The variety S × S satisfies the Hodge conjecture;
(ii) The motive h(S) is finite dimensional.
Then the transcendental motive t2(S) is decomposable.
Proof. Let Mhom(C) be the category of homological motives and let
PHSQ be the category of polarized Hodge structures, which is abelian
and semisimple. There is a Hodge realization functor
HHodge :Mrat(C)→ PHSQ
which factors trough Mhom(C). Let h(S) =
∑
0≤i≤4 hi(S) be a refined
Chow-Ku¨nneth decomposition with h2(S) = h
alg
2 (S) + t2(S). In the
corresponding decomposition for the homological motive hhom(S) one
has h2,hom(S) = t
hom
2 (S) ⊕  L
⊕ρ(S), where thom2 (S) = (S, pi
tr
2,hom) is the
image of t2(S)in Mhom.
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The Hodge structure TS, being decomposable, is the direct sum of two
non-trivial polarized Hodge structures. Let L ⊂ H2tr(S,Q) be a non-
trivial Hodge substructure such that
H2tr(S,Q)) = L⊕ L
′
where L′ is the orthogonal complement of L with respect to the in-
tersection pairing Q =< , >H2
tr
(S). L defines a morphism of polarized
Hodge structure
ΦL : H
2
tr(S,Q)→ H
2
tr(S,Q)
such that ker Φ = L′ and ImΦ = L. We also have ΦL ◦ ΦL = ΦL. The
Ku¨nneth decomposition and Poincare’ duality give isomorphisms
H4(S×S,Q) = ⊕p+q=4(H
p(S,Q)⊗Hq(S,Q)) ≃ ⊕pHom(H
p(S), Hp(S))
and these isomorphisms are isomorphisms of Hodge structures. The
class ΓL ∈ H
4(S×S,Q), which corresponds to ΦL, is a Hodge class, be-
cause ΦL is a morphism of Hodge structures, see [Vois 5, 1.4]. Therefore
ΓL ∈ H
4(S×S,Q)∩H2,2(S×S) and hence, by the Hodge conjecture, ΓL
is the class of an algebraic cycle, i.e ΓL ∈ A¯
2(S×S), with A¯2(S×S) =
Im(A2(S × S) → H4(S × S,Q)). Then ΓL ∈ EndMhom(t
hom
2 (S)) and
ΓL is a projector different from 0 and from the identity. It follows that
ΓL defines a non-trivial submotive of t
hom
2 (S) = (S, pi
tr
2,hom). Therefore
there exist a projector p˜i such that
pitr2,hom = ΓL + p˜i
with p˜i 6= pitr2,hom. From the finite dimensionality of h(S) we get that a
similar decomposition also holds in Mrat(C) and hence
t2(S) = (S, pi1) + (S, pi2)
where (S, pii) is a non-trivial submotive of t2(S). Therefore t2(S) is
decomposable in Mrat(C) 
Example 3.3. (ρ-maximal surfaces) In [Beau] several examples are
given of ρ-maximal surfaces S such that h(S) is finite dimensional
and S × S satisfies the Hodge conjecture. A complex surface S is
ρ-maximal if H1,1(S) = NS(S)⊗C and hence the Picard number ρ(S)
equals h1,1(S). Then the subspace H2,0 ⊕ H0,2 of H2(S,C) is defined
over Q (see [Beau, Prop.1] ) and it is the orthogonal complement of
H1,1(S). Therefore TS⊗C = H
2,0⊕H0,2 and hence the polarized Hodge
structure TS decomposes over Q. These examples include the Fermat
sextic surface in P3 and the surface S = C6 × C6 ⊂ P
4, where C6 is
the plane sextic x60 + x
6
1 + x
6
2 = 0. By Lemma 3.2 the motive t2(S) is
decomposable. In the case of the Fermat sextic surface also the integral
9polarized Hodge structure on the transcendental part H2tr(S,Z) of the
cohomology is decomposable, see [ABB,Theorem 1.2 ].
The following Lemma appears in [Gu,Lemma 13].
Lemma 3.4. Let S be a smooth projective surface defined over a field
k and let k ⊂ L be a field extension. If the motive t2(SL) is indecom-
posable then also t2(S) is indecomposable.
Proof. Suppose that the motive t2(S) splits into two non-trivial direct
summands T and T ′ in the category Mrat(k), with T = (S, pi) and
T ′ = (S, pi′). Then pitr2 = pi + pi
′, where pi and pi′ are idempotents in
A2(S × S). Extending scalars from k to L we get a decomposition
of t2(SL) into the motives TL and T
′
L , by means of the projectors piL
and pi′L. Since the motive t2(SL) is indecomposable we get that either
piL or pi
′
L is zero. Suppose piL = 0. Then, by the results in [Gil],
piL is nilpotent and hence it vanishes. Therefore T = 0 which is a
contradiction because T is a non-trivial summand of t2(S). 
Theorem 3.5. Let f : S → B be a smooth projective family of complex
surfaces with B an irreducible variety of dimension n. Let K be the
algebraic closure of the function field of B and let SK be the generic
fibre of f over K. Assume that the transcendental motive t2(SK) is
indecomposable. Then there exists at most a countable number of b ∈ B
such that t2(Sb) is decomposable.
Proof. By [Vial 4, Lemma 2.1] there exist a subset U ⊂ B(C), which is
a countable intersection of Zariski open subsets Ui, such that, for each
point b ∈ U there is an isomorphism between C and K that yields an
isomorphism between the scheme Sb over C and the scheme SK over K.
Here Ui = (B0 − Zi)(C) where B0 is defined over a countable subfield
k ⊂ C and Zi is a proper subvariety of B0. Since the Chow groups
of a variety X over a field only depend on X as a scheme we get an
isomorphism
CH2(Sb × Sb) ≃ CH
2(SK × SK)
which, by applying the isomorphism in (3.1), induces an isomorphism
between the Q-algebras EndMrat(t2(Sb)) and EndMrat(t2(SK)). Since
t2(SK) is indecomposable EndMrat t2(SK) ≃ Q. Therefore
EndMrat(t2(Sb)) ≃ Q and hence t2(Sb) is indecomposable, for all b ∈
U(C) =
⋂
i Ui(C) ⊂ B(C).
We claim that there exists at most a countable number of b ∈ B(C)
such that the corresponding fibre Sb has a decomposable transcendental
motive.
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If t2(Sb) is decomposable then b /∈ U(C) and hence there exists an
index i0 such that b ∈ Zi0(C), with Zi0 a subvariety of B0. Let Z = Zi0
with dim Z = m < n. We proceed by induction on m.
If m = 0 then Z(C) is just a finite collection of points in B(C) and
hence the corresponding fibers are a finite set. Assume that, if Y ⊂ B0
with dimY ≤ m − 1, there are only a countable number of b ∈ Y (C)
such that t2(Sb) is decomposable. Let Z ⊂ B0 of dimension m and
let z ∈ Z(C) be such that t2(Sz) is decomposable. Since there are
only a finite number of irreducible components of Z we may as well
assume that Z is irreducible. Let ηZ be the generic point of Z and
let F = k(ηZ) be the function field of Z, which is a finitely generated
extension of the countable subfield k of C. Choose an embedding of the
algebraic closure L = F¯ into C. Then L ⊂ K. By Lemma 3.4 t2(SL)
is indecomposable, because t2(SK) is indecomposable. Therefore we
may apply Lemma 2.1 in [Vial 4] to the family fZ : SZ → Z, where
SZ = S ×B Z, whose generic fiber over the algebraic closure of k(Z)
is SL. It follows that t2(Sz) is indecomposable for all points z ∈ Z(C)
in a countable intersection V = ∩j(Z − Tj)(C), where Tj is a proper
subvariety of Z. Therefore, if t2(Sz) is decomposable, then there exists
an index j0 such that z ∈ Tj0(C). Since dimTj0 ≤ m − 1, by the
induction hypothesis, there are at most a countable number of points
z ∈ Tj0(C) ⊂ B(C) such that t2(Sz) is decomposable. Therefore there
are at most a countable number of points in z ∈ Z(C) such that the
corresponding fiber Sz has a decomposable transcendental motive. 
Corollary 3.6. Let f : S → B as in Theorem 3.5 and assume fur-
thermore that for all surfaces in the family the motive h(S) is finite
dimensional and S × S satisfies the Hodge conjecture. Then the inte-
gral polarized Hodge structure TSb arising from the fibers Sb which are
decomposable are countably many.
Proof. Let b ∈ B be such that the polarized Hodge structure TSb is
integrally decomposable. By Lemma 3.2 the transcendental motive
t2(Sb) is decomposable. From Theorem 3.5 we get that b belongs to a
countable subset of B(C) 
Remark 3.7. (Integral decomposability) In [Gu, Thm.22] it is proven,
using the Theorem of Kulikov, that a very general cubic fourfold X is
not rational if one assumes that, for every smooth projective surface S,
the transcendental motive t2(S) is integrally indecomposable and finite
dimensional. Since the motive t2(S) lives in the category ofMrat with
rational coefficients it is not a priori clear what it means to be integrally
decomposable. According to the definition given in [Gu] the motive
t2(S) decomposes integrally if the identity of the ring R = CH
2(S ×
11
S)/J (S) is the sum of two orthogonal non-torsion idempotents, i.e. if
there exist projectors Π1,Π2 such that the class [∆S] in R decomposes
as [∆S] = [Π1] + [Π2]. After tensoring with Q the ring R⊗Q becomes
isomorphic to EndMrat(t2(S)), as in (3.1), and the image of [∆S] is
the identity of t2(S) = (S, pi
tr
2 ). Therefore pi
tr
2 = Φ(Π1) + Φ(Π2), with
Φ : A2(S × S)→ EndMrat(t2(S)).
Let S = C6 × C6 ⊂ P
4, where C6 is the Fermat sextic in P
2
C. The
surface S is ρ-maximal and the transcendental motive t2(S) is finite
dimensional and decomposable in Mrat, see Ex.3.3. In [Gu,Sect 5] it
is proven that t2(S) is not integrally decomposable.
In [ABB, 4.7] it is noted that the irrationality of a very general cu-
bic fourfold will follow if every complex surface S, such that the inte-
gral polarized Hodge structure TS is decomposable, has maximal rank.
According to Theorem 2.1, among the surfaces Si, with 1 ≤ i ≤ n,
that can appear when resolving the indeterminacy of a rational map
r : P4 → X , for a cubic fourfold X , there are surfaces which are not
ρ-maximal, because these are all disjoint from X . On the other hand,
by Theorem 2.3, there is an index io such that TSi0 is decomposable.
4. The motive of cubic fourfold
Let X be a complex Fano 3-fold. By the results in [GG] its motive
h(X) has the following Chow-Ku¨nneth decomposition
h(X) = 1⊕  L⊕b ⊕N ⊕ ( L2)⊕b ⊕  L3
where b = dimNS(X)Q and N = h1(J) ⊗  L, with J = J
2(X) the
intermediate Jacobian of X . Therefore h(X) is finite dimensional and
lies in the subcategory ofMrat(C) generated by the motives of Abelian
varieties. In particular the motive of cubic 3-fold in P4C is finite dimen-
sional.
The above result is based on the fact that all Chow groups of a cubic
3-fold are representable. This is not the case if X is a cubic fourfold in
P5C, because not all the Chow groups of X are representable. Indeed
if, for a smooth projective variety, all Chow groups are representable,
then the Hodge numbers hp,q vanish, whenever |p − q| > 1 (see [Vial
2. Thm.4]) and this is not the case for a cubic fourfold X , because
h3,1(X) = h1,3(X) = 1.
In this section we show that, for a cubic fourfoldX such that its Fano
variety F (X) is isomorphic to S [2], with S a K3 surface, then h(X) is
finite dimensional if and only if h(S) is finite dimensional. Note that,
by a result of R.Laterveer in [Lat ], if h(X) is finite dimensional then
also h(F (X)) is finite dimensional.
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Every cubic fourfoldX is rationally connected and hence CH0(X) ≃ Z.
Rational, algebraic and homological equivalences all coincide for cycles
of codimension 2 on X . Hence the cycle map CH2(X)→ H4(X,Z) is
injective and A2(X) = CH2(X) ⊗ Q is a sub vector space of dimen-
sion ρ2(X) of H
4(X,Q). By the results in [TZ] we have A1(X)hom =
A1(X)alg. Moreover homological equivalence and numerical equivalence
coincide for algebraic cycles on X , because the standard conjecture
D(X) holds true. Therefore A1(X)hom = A1(X)num.
A cubic fourfoldX has no odd cohomology andH2(X,Q) ≃ NS(X)Q ≃
A1(X), because H1(X,OX) = H
2(X,OX) = 0. Let γ ∈ A
1(X) be the
class of a hyperplane section. Then H2(X,Q) = A1(X) ≃ Qγ and
H6(X,Q) = Q[γ2/3]. Here < γ2, γ2 >= γ4 = 3, where < , > is the
intersection form on H4(X,Q).
Let pi0 = [X × P0], pi8 = [P0 × X ], where P0 is a closed point and
pi2 = (1/3)(γ
3 × γ), pi6 = pi
t
2 = (1/3)(γ × γ
3). Then
h(X) ≃ 1⊕ h2(X)⊕ h4(X)⊕ h6(X)⊕  L
4
where 1 ≃ (X, pi0),  L
4 ≃ (X, pi8), h2(X) = (X, pi2), h6(X) = (X, pi6)
and h4(X) = (X, pi4), with pi4 = ∆X − pi0 − pi2 − pi6 − pi8. The above
decomposition of the motive h(X) is in fact integral, because
γ3 = 3|l|
for a line l ∈ F (X), see [SV, Lemma A3].
Let ρ2 be the dimension of A
2(X) and let {D1, D2 · · · , Dρ2} be a Q-
basis . We set
pi4,i =
[Di ×Di]
< Di, Di >
,
for i = 1, · · · , ρ2. Then pi4,i are idempotents and the motive Mi =
(X, pi4,i, 0) is isomorphic to the Lefschetz motive  L for every i. Let
halg4 (X) be the motive (X, pi
alg
4 ) where pi
alg
4 =
∑
1≤i≤ρ2
pi4,i. Then the
motive h4(X) splits as follows
h4(X) = h
alg
4 (X)⊕ h
tr
4 (X),
where halg4 (X) ≃  L
⊕ρ2 and htr4 (X) = (X, pi
tr
4 ), with pi
tr
4 = pi4 − pi
alg
4 .
Therefore we get the following Chow-Ku¨nneth decomposition of the
motive h(X)
(4.1) h(X) = 1+ h2(X) +  L
⊕ρ2 + t(X) + h6(X) +  L
4
where t(X) = htr4 (X). The motives h2(X) and h6(X) are finite dimen-
sional (see [Ki, 8.4.5]) and hence in the decomposition (4.1) all motives,
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but possibly t(X), are finite dimensional. Therefore the motive h(X)
is finite dimensional if and only if t(X) is evenly finite dimensional.
LetMorat(k) the category of birational motives (see [KMP, 7.5]). Writ-
ing h¯(X) for the birational motive of a smooth projective variety X of
dimension d, and Hombir for morphisms in M
o
rat(k), the fundamental
formula is:
A0(Xk(Y )) = lim−→
U⊂Y
Ad(U ×X) ∼= Hombir(h¯(Y ), h¯(X)).
If X is a cubic fourfold then h¯(X) = 1 in Morat(C), because X is
unirational, see [Kahn,7.3]. From the decomposition in (4.1) we get
t¯(X) = 0, because the Lefschetz motive  L goes to 0 inMorat. Therefore
the identity map of t(X) factors trough a motive of the form M(1),
see [KMP, 7.5.3]. More precisely, by [Vial 3 2.2], the motive t(X) is a
direct summand of h(Z)(1) for some surface Z and hence t(X) is finite
dimensional if h(Z) is finite dimensional.
Lemma 4.2. Let X be a cubic fourfold and let t(X) be the tran-
scendental motive in the Chow-Ku¨nneth decomposition (4.1). Then
Ai(t(X)) = 0 for i 6= 3 and A3(t(X)) = A1(X)hom
Proof. The cubic fourfoldX is rationally connected and hence A4(X) =
A0(X) = 0 that implies A
4(t(X)) = 0. Also from the Chow-Ku¨nneth
decomposition in (4.1) we get A0(t(X)) = 0 andA1(t(X)) = pitr4 A
1(X) =
0, because A1(h2(X)) = pi2A
1(X) = A1(X)
We first show that A2(t(X)) = 0. Let α ∈ A2(X). Then
pitr4 (α) = α− pi0(α)− pi2(α)− pi
alg
4 (α)− pi6(α)− pi8(α),
where pi0(α) = pi8(α) = 0. We also have pi2(α) = (1/3)(p2)∗(p
∗
1(α)·[γ
3×
γ]) = 0 and pi6(α) = (1/3)(p2)∗(p
∗
1(α) · [γ
1 × γ3]) = 0. Let α ∈ A2(X)
and let pialg4 =
∑
1≤i≤ρ2
pi4,i, with pi4,i = [Di × Di]/ < Di, Di >, where
{D1, · · · , Dρ2} is a Q-basis for A
2(X). Let α =
∑
1≤i≤ρ2
miDi,with
mi ∈ Q. Then pi
alg
4 (α) = α, because (pi4,i)∗(Di) = Di. From the
decomposition in (4.1) we get pitr4 (α) = α− pi
alg
4 (α) = 0 and hence
A2(t(X)) = (pitr4 )∗A
2(X) = 0.
Therefore we are left to show that A1(t(X)) = A1(X)hom. Let β ∈
A1(X) = A
3(X). From the Chow-Ku¨nneth decomposition in (4.1) we
get
pitr4 (β) = β − pi0(β)− pi2(β)− pi
alg
4 (β)− pi6(β)− pi8(β),
where pi0(β) = pi
alg
4 (β) = pi8(β) = 0. We also have pi2(β) = 0 because
pi2 = (1/3)(γ
3 × γ). Therefore
pitr4 (β) = β−pi6(β) = β−(1/3)(γ×γ
3)∗(β) = β−(1/3)(β ·γ)γ
3 ∈ A3(X)
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and hence
(pitr4 (β) · γ) = (β · γ − (1/3)(β · γ)γ
3) · γ = 0
because γ4 = 3. Since γ is a generator of A1(X) it follows that the
cycle pitr4 (β) is numerically trivial. Therefore we get
A1(t(X)) = pi
tr
4 A1(X) = A1(X)num = A1(X)hom
.

The following Lemma comes from the results in [Has 3, Thm. 3.18]
and [GG, Lemma 1].
Lemma 4.3. Let f : M → N be a morphism of motives in Mrat(C)
such that f∗ : A
i(M) → Ai(N) is an isomorphism for all i ≥ 0. Then
f is an isomorphism.
Proof. Let M = (X, p,m) and N = (Y, q, n) and let k ⊂ C be a field of
definition of f , which is finitely generated . Then Ω = C is a universal
domain over k. By [Has 3, Thm. 3.18] the map f has a right inverse,
because the map f∗ : A
i(M)→ Ai(N) is surjective. Let g : N →M be
such that f ◦ g = idN . Then g has an image T which is a direct factor
of M and hence f induces an isomorphism of motives in Mrat(C)
f :M ≃ N ⊕ T
From the isomorphism A1(M) ≃ Ai(N , for all i ≥ 0, we get Ai(T ) = 0
and hence T = 0, by [GG, Lemma1]. 
Let X be a cubic fourfold and let F (X) = F be its Fano variety of
lines , which is a smooth fourfold. Let
(4.4)
P
q
−−−→ X
p
y
F
be the incidence diagram, where P ⊂ X × F is the universal line over
X . let p∗q
∗ : H4(X,Q) → H2(F,Q) be the Abel-Jacobi map. Let
α1, · · · , α23 be a Q-basis of the vector space H
4(X,Q). Then, by a
result of Beauville -Donagi, α˜i = p∗q
∗(αi) form a basis of H
2(F,Q).
Let qF be the Beauville-Bogomolov bilinear form on H
2(F,Q) defined
as
qF (α˜i, α˜j) =< αi, γ
2 > · < αj , γ
2 > − < αi, αj > .
where <,> is the symmetric bilinear form on H4(X,Q). Suppose that
F ≃ S [2], with S a K3 surface.Then the homomorphism H2(S,Q) →
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H2(F,Q) induces an orthogonal direct sum decomposition with respect
to the Beauville-Bogomolov form
(4.5) H2(F,Q) ≃ H2(S,Q)⊕Qδ,
with qF (δ, δ) = −2 and qF restricted to H
2(S,Q) is the intersection
form, see [SV,(56)].
A cubic fourfold X is special if contains a surface Σ such that its co-
homological class σ in H4(X,Q) is not homologous to any multiple of
γ2. Therefore ρ2(X) > 1. The discriminant d is defined as the discrim-
inant of the intersection form <,>D on the subspace D of H
4(X,Q)
generated by σ and γ2. By a result of B.Hasset in [Has 1, 1.0.3], if
X is a generic special cubic fourfold with discriminant of the form
d = 2(n2 + n + 1), where n is an integer ≥ 2, then the Fano variety
of X is isomorphic to S [2], with S a K3 surface associated to X. Such
special X include cubic fourfolds containing a plane, or a cubic scroll,
or a Veronese surface, see [Has 1, 4.1]. Special cubic fourfolds of dis-
criminant d form a nonempty irreducible divisor Cd in the moduli space
C of cubic four folds if and only if d > 0 and d ≡ 0, 2(6). If d is not
divisible by 4,9 or any odd prime p ≡ 2(3) then X ∈ Cd if and only
if the transcendental lattice TX is Hodge isometric to TS(−1) for some
K3 surface, see [Add].
If X is special and F (X) ≃ S [2], with S a K3 surface, then by (4.5),
H2tr(F,Q) ≃ H
2
tr(S,Q), where dimH
2
tr(F,Q) = dimH
4
tr(X,Q) = 23 −
ρ2(X). Here ρ2(X) ≥ 2 and hence we get
dimH2tr(F,Q) = dimH
2
tr(S,Q) = 22− ρ(S) = 23− ρ2(X) ≤ 21,
where ρ(S) is the rank of NS(S).
Theorem 4.6. Let X be a cubic fourfold and let F = F (X) be the
Fano variety of lines. Suppose that F ≃ S [2], with S a K3 surface.
Let p and q be the morphisms in the incidence diagram (4.4). Then q
induces a map of motives q¯ : t2(S)(1)→ t(X) in Mrat(C) which is an
isomorphism.
Proof. In (4.4) P is a P1-bundle over F (see [Vois 4, 3.24] ) and hence
h(P ) ≃ h(F )⊕ h(F )(1)
By the results in [deC-M, 6.2.1] h(S)(1) is a direct summand of h(S [2]) =
h(F ). Therefore we get a map of motives
(4.7) q¯ : h(S)(1)
f
−−−→ h(F )
g
−−−→ h(P )
q∗
−−−→ h(X)
where f and g are the inclusions induced by the splittings of h(F ) and
h(P ). Let t2(S) be the transcendental motive of the surface S. By
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composing with the inclusion t2(S)(1) → h(S)(1) and the surjection
h(X)→ t(X) we get from (4.7) a map of motives in Mrat(C),
q¯ : t2(S)(1)→ t(X)
The morphisms p and q yield a homomorphism Ψ0 = p
∗q∗ : A
i(F ) →
Ai−1(X) such that
Ψ0 : A
4(F ) = A0(F )→ A
3(X) = A1(X),
is surjective, see [TZ, 6.1(i)]. By [SV,15.6] the group A0(F ) decomposes
as follows
A0(F ) = A0(F )0 + A0(F )2 + A0(F )4
where A0(F )0 = QcF , with cF ∈ A0(F ) a special degree 1 cycle. For
two distinct points x, y ∈ S let’s denote by [x, y] ∈ F = S [2] the point
of F that corresponds to the subscheme {x, y} ⊂ S. If x = y then [x, x]
denotes the element in A0(F ) represented by any point corresponding
to a non reduced subscheme of length 2 on S supported on x. With
these notations cF is represented by the point [cS, cS] ∈ F , where cS is
the Beauville-Voisin cycle in A0(S) such that c2(S) = 24cS. We also
have (see [SV,15.6])
A0(F )2 =< [cS, x]− [cS, y] >,
We claim that the map φ : A0(S) → A0(S
[2]) = A0(F ) sending [x]
to [cS, x] is injective and hence A0(S)0 is isomorphic to A0(F )2 ⊂
A0(F )hom.
The variety S [2] is the blow-up of the symmetric product S(2) along S.
Let S˜ be the inverse image of S in S [2]. Then S˜ is the image of the
closed embedding s → [cS, s]. By a result proved in [Ba] the induced
map of 0-cycles A0(S˜)→ A0(S
[2]) is injective. Therefore the map φ is
injective .
By [SV, 20.3 ] we have
A0(F )4 = A
2(F )2 · A
2(F )2
where A2(F )2) = Ahom and A is generated by the cycles of the form Sx
with x ∈ S, see [ SV, 15.2]. Here, for a point x ∈ S, the variety Sx ⊂ F
is isomorphic to the blow up of S at the point X and Sx · Sy = [x, y].
Then, using the results in [SV, 20.2 (iii)] and [SV, 20.5], we get
ker(Ψ0 : A
4(F )→ A3(X)) = F 4A0(F ) = Ahom · Ahom = A0(F )4.
Therefore Ψ0 induces an exact sequence
A0(F )4 → A0(F )hom → A1(X)hom → 0
which yields an isomorphism between A0(S)0 = A0(F )2 ⊂ A0(F )hom
and A1(X)hom.
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We have Ai(t2(S)) = 0 for i 6= 2 and A
2(t2(S)) = A0(t2(S)) =
A0(S)0. Therefore we get an isomorphism A
3(t2(S)(1)) = A
2(t2(S)) =
A0(S)hom ≃ A1(X)hom. From Lemma 4.2 we get A
i(t(X) = 0, for i 6= 3
and A3(t(X) = A1(X)hom.
Therefore the map of motives q¯ : M → N in Mrat(C), where M =
t2(S)(1) and N = t(X), induces isomorphisms A
i(M) ≃ Ai(N) for all
i ≥ 0. Then, from Lemma 4.3 , q¯ is an isomorphism. 
Remark 4.8. Let X be a cubic fourfold such that there exist K3 sur-
faces S1 and S2 and isomorphisms r1 : F (X) → S
[2]
1 and r2 : F (X) →
S
[2]
2 with r
∗
1δ1 6= r
∗
2δ2, as in [Has 1, 6.2.1]. Then by Theorem 4.6
t2(S1) ≃ t2(S2), and hence the motives h(S1) and h(S2) are isomor-
phic.
Corollary 4.9. Let X be a cubic fourfold and let F = F (X) be the
Fano variety of lines. Suppose that F ≃ S [2], with S a K3 surface. Then
h(X) is finite dimensional if and only if h(S) is finite dimensional in
which case the motive t(X) is indecomposable.
Proof. If h(X) is finite dimensional then also t(X) is finite dimensional
and hence, by Theorem 4.6, t2(S) is finite dimensional . Therefore h(S)
is finite dimensional. Conversely, if h(S) is finite dimensional then also
t2(S) and t(X) are finite dimensional, by Theorem 4.6. From the Chow-
Ku¨nneth decomposition in (4.1) we get that h(X) is finite dimensional.
If h(S) is finite dimensional then the motive t2(S) is indecomposable,
see [Vois 1, Cor. 3.10], and hence also t(X) is indecomposable. 
Remark 4.10. If the motive h(X) is finite dimensional then t(X) is,
up to isomorphisms in Mrat(C), independent of the Chow-Ku¨nneth
decomposition h(X) =
∑
i hi(X) in (4.1). If h(X) =
∑
i h˜i(X) is
another Chow-Ku¨nneth decomposition, with h˜i(X) = (X, p˜ii), then,
by [KMP, 7.6.9], there is an isomorphism h˜i(X) ≃ hi(X) and p˜ii =
(1 + Z) ◦ pii ◦ (1 + Z)
−1, where Z ∈ A4(X × X)hom is a nilpotent
correspondence. In particular
p˜i4 = (1 + Z) ◦ pi4 ◦ (1 + Z)
−1 = (1 + Z) ◦ (pialg4 + pi
tr
4 ) ◦ (1 + Z)
−1
and hence h˜4(X) contains as a direct summand a submotive t˜(X) =
(X, (1 + Z) ◦ pitr4 ◦ (1 + Z)
−1) isomorphic to t(X).
However, differently from the case of the transcendental motive t2(S)
of a surface S, the motive t(X) is not a birational invariant. In fact
t(X) 6= 0 for a rational cubic fourfold X such that F (X) ≃ S [2], with
S a K3 surface
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Example 4.11. (1) A family F of cubic fourfolds X with a finite
dimensional motive is given by the equations
u3 + v3 + f(x, y, z, t) = 0
where (x, y, z, t, u, v) are coordinates in P5, f is of degree 3 and de-
fines a smooth surface in P3, see [Lat 1, Rk. 18]. For each four-
fold X ∈ F there is an associated K3 surface S (a double cover
of P2 ramified along a sextic) and a correspondence Γ ∈ A3(S ×
X) = EndMrat(h(S)(1), h(X)) inducing an isomorphism Γ∗ : A0(S)0 ≃
A1(X)hom = A1(X)alg, see [Vois 3, 4.2]. By Lemma 4.2 the corre-
spondence Γ induces a map of motives γ : t2(S)(1) → t(X) such that
γ∗ : A
i(t2(S)(1))→ A
i(t(X) is an isomorphism for all i ≥ 0.Therefore,
by Lemma 4.3, γ is an isomorphism of motives. The motives of all four
folds X in F are finite dimensional and of abelian type, see [Lat 1,
Cor.17(iii)],and hence also the motives t2(S) are finite dimensional and
of abelian type. It follows that all the associated K3 surfaces S have a
finite dimensional motive of abelian type.
(2) Examples of rational cubic fourfoldsX such that the transcendental
motive t(X) is isomorphic to t2(S)(1), for a given K3 surface S can
be constructed as in [Has 3, Sect.5]. Let A1(S) be generated by two
ample divisors h1 and h2 such that < h1, h1 >=< h2, h2 >= 2 and
< h1, h2 >=< h2, h1 >= 2k + 1, where k = 2, 3 and <,> is the
intersection form on H2(S,Z). Then there is diagram
Y
φ
−−−→ X ⊂ P5
pi
y
P2 ×P2
where Y is smooth, pi is the blow up of a surface S ′, the image of
(s1, s2) : S → P
2×P2 where si : S → P
2 is the branched double cover
given by OS(hi). The map φ is obtained by blowing up a plane P and
surface T on X . If k = 2 then also T is a plane, while T is a Veronese
surface in the case k = 3. In both cases we have t2(P ) = t2(T ) = 0.
The motive h(Y ) splits as h(S ′)(1)⊕ h(P2 × P2), where P2 × P2 has
no transcendental motive, and h(X) is a direct summand of h(Y ).
Therefore the transcendental motive t(X) coincides with t2(S
′)(1) and
t2(S
′) = t2(S), because t2(−) is a birational invariant.
(3) Let C14 be the irreducible divisor of special cubic fourfolds of
degree14, for which the special surface is a smooth quartic rational
normal scroll. By the results in [BR] all the fourfolds X in C14are
rational. Moreover if X ∈ (C14 − C8), then F (X) ≃ S
[2], where S is
the K3 surface of degree 14 and genus 8 parametrizing smooth quartic
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rational normal scrolls contained in X . By Theorem 4.6 there is an
isomorphism between the transcendental motives t(X) ≃ t2(S)(1).
According to Corollary 4.9 if X is a special cubic fourfold with
F (X) ≃ S [2], and h(X) is finite dimensional, then t(X) is indecom-
posable. The following proposition shows that, if X is very general
and h(X) is finite dimensional, then t(X) is indecomposable.
Proposition 4.12. Let X be a very general cubic fourfold. If h(X) is
finite dimensional the transcendental motive t(X) is indecomposable.
Proof. Let the primitive motive h(X)prim = (X, piprim, 0) be defined as
in [Ki, 8.4], where
piprim = ∆X − (1/3)
∑
0≤i≤4
(γ4−i × γi).
and
H∗(h(X)prim) = H
4(X,Q)prim = P (X)Q
If X is very general then ρ2(X) = 1 and A
2(X) is generated by the
class γ2. Therefore in the Chow-Ku¨nneth decomposition of h(X) in
(4.1) we have h(X)prim = h
tr
4 (X) = t(X) and
h4(X) = h
alg
4 (X) + h
tr
4 (X) ≃  L⊕ h(X)prim.
If X is very general, then EndHS(H
4(X,Q)prim) = Q[id], see [Vois 2,
Lemma 5.1]. Let Mhom(C) be the category of homological motives
and let M˜hom(C) be the subcategory generated by the motives of all
smooth projective varieties V such that the Ku¨nneth components of the
diagonal in H∗(V × V ) are algebraic. The Hodge realization functor
HHodge :Mrat(C)→ HSQ
to the Tannakian category of Q-Hodge structures induces a faithful
functor M˜hom(C) → HSQ. Let h¯(X) = h
hom(X) ∈ M˜hom(C) : then
EndMhom(h¯(X)prim) ≃ Q[id] and hence
EndMhom(h¯
tr
4 ((X)) ≃ EndMhom(h¯(X)prim) ≃ Q[id]
If h(X) is finite dimensional then the indecomposability of EndMhom(h¯
tr
4 ((X))
in Mhom(C) implies the indecomposability in Mrat(C). Therefore
EndMrat(t(X)) ≃ EndMrat(h(X)prim) ≃ Q[id]
and the transcendental motive of X is indecomposable.

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